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Abstract 


Measure and Integral are important when dealing with abstract spaces such as 
function spaces and probability spaces. This thesis will cover Lebesgue Measure and 
Lebesgue integral. The Lebesgue integral is a generalized theory of Riemann integral 
learned in mathematics. The Riemann integral is centered on the Definition domain of 
the function, but the Lebesgue integral is different in that it is centered on the range of 
the function, and uses the basic concept of analysis. Measure and integral have widely 
applied not only to mathematics but also to other fields. 
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Introduction 


General measures and integrals are used in many fields of mathematics. In this 
paper, I would like to introduce Lebesgue measure and integral. A Lebesgue measure 
provides mathematical abstraction of mass, distance, area, volume, probability, and 
general concepts to a subset of Euclidean space. The Lebesgue integral is an integral 
that can be defined on a general measure space. The Lebesgue measure and integral 
is mainly used in mathematics fields such as analysis and probability theory and other 
fields. 
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Chapter 1 


Preliminaries 


1.1 Related Theorems and Definitions 


Definition 1.1.1. Measurable space and measurable set. 


Given a set X and a o-algebra IN Cc P(X), (X, Mt) is called a measurable space, and 
any set in 9 is called a measurable set. 


Definition 1.1.2. o-algebra. 


Given a set A(# 0) C P(X), the o-algebra o(A) C P(X) obtained from Theorem 2.2.9 
is called the o-algebra generated by A. 


Definition 1.1.3. Borel set and Bore measurable space. 


Given a topological space (X,7), according to Theorem 2.2.9, there is a o-algebra 
G(T) produced by J. A topology T is collection of subsets of X. Let the o-algebra 
B(X) = G(T) be the Borel o-algebra in the topological space (X,7) or simply the 
Borel algebra. Any set in 8,(X) is called a Borel Set. In particular, (X, 8,(X)) is 
called a Borel measurable space. 


Definition 1.1.4. F,- set and G5- set. 


The set represented by a union of countable closed sets is called an F-set and the set 
represented by an intersection of countable open sets is called a G5—set. 


Definition 1.1.5. The extended Borel o-algebra. 


The o-algebra 8, (R) = G (T (IR)) C P(R) generated by 7 (IR) is called the extended 
Borel o-algebra. 


Definition 1.1.6. t-measurable. 
A function f: X —> R defined on a measurable space (X, MM) is called M-measurable. 


Definition 1.1.7. The positive part of the function f: X > R and the negative part of 
function f: X +R. 

The two functions f+: X — R from the function f: X — R defined on the set X are 
defined as 


ft(x) = max{f (x), 0} and f(x) = max{—f(z), O}. 


Definition 1.1.8. Measurable. 


Given the measurable space (X, 91) and (Y, Me), if the function F: X — Y satisfies 
the condition 


F-'(B) — MN, (E — Me), 
the function F': X — Y is called measurable. 


Definition 1.1.9. A measure and a measure space. 


Given a measurable space (X, I), if the function py: IM — R with an extended 
real-valued and defined on o-algebra SM, satisfies the condition 


(1) u() = 0, 
(2) w(E) = 0 (BE EM), 


(3) (En)no1 CM and Ey A Em = o(n £m) o(U Ex) = > w(Ee) 


pi: IN — R is called a measure and (X, Mt, pz) is called a measure space. 


Definition 1.1.10. A finite measure, finite measure space and o-finite measure space. 
Given a measure space (X, Mt, jz), it is defined as follows. 


(a) If the condition p(X) < +00 is satisfied, y is called a finite measure and 
(X, Wt, 44) is called a finite measure space. 


(b) If there exists a mcasuraRle set sequence (En)n>1 C M that satisfies 
the condition X = U E,, and p( En) < +00 (n EN), p is called a o-finite 
measure and (X, Mm, = is called a o-finite measure space. 


Definition 1.1.11. The Borel measure space. 

For the Topological space (X, 7), if the measure p:: 8 > R is given and the Borel 
measure space (X, 8,(X)) is considered, (X, 8,(X), 14) is called the Borel measure 
space. 

Definition 1.1.12. A translation invariant measure space. 


If the measure space (X, Mt, 4) satisfies the condition 
EeMandack= E+a€ Mand u(E+ a) = pL) 

for a closed set X by addition, the measure space (X, Mt, jx) is called a translation 

invariant measure space. 

Definition 1.1.13. A complete measure space and complete measure. 


If a measure space (X, IM, 4) is given and the conditions 
N eM and w(N) =0 = P(N) cM 


are satisfied, (X, 0, 41) is called a complete measure space and the function pu: 
M —[0,+00] is called a complete measure. 


Definition 1.1.14. The completion of the measure space, completion of IN and 
completion of pL. 

Given a measure space (X, 2, 4), a complete measure space (X, M, jt) that satisfies 
the condition [9% C M and {i|9N = p] is called the completion of the measure space (X, 
M, ww). The o-algebra M is called the completion of 9% for a measure pz, and a measure 
ft is called the completion of pu. 


Definition 1.1.15. The standard representation of a simple measurable function. 


Given a simple measurable function ¢: X — R, an expression such as (4.1) is called 
the standard representation of a simple measurable function ¢: X > R. 


Definition 1.1.16. The Lebesgue integral. 


Given a measure space (X, MM, j4), we define 
[Ff du=sup { fo du: o€ Sf(x, my} (4.3) 


for the measurable function f € M* (X, St). (4.3) is called the Lebesgue integral 
[Wei73] of the measure function f € M*(X,9) for measure p: It — [0, +00]. 


Theorem 1.1.17. The standard expression. 


For the measurable function f € M* (X, 9) and measurable set EF € IM, the following 
holds. 

(a) f(a) =0(e€ BE) ff du=0. 

(b) w(E) =0= > Jf du=0. 


n 
@ = DS AX A, 
k=1 


is called the standard expression. 


Chapter 2 


Measurable Functions 


2.1 Related Theorems and Definitions 


Definition 2.1.3. measurable space and measurable set 


Given a set X and a o-algebra IN Cc P(X), (X, M) is called a measurable space, and 
any set in 9 is called a measurable set. 


Definition 2.1.10. o-algebra. 


Given a set A(# 0) C P(X), the o-algebra o(.A) C P(X) obtained from Theorem 2.2.9 
is called the o-algebra generated by A. 


Definition 2.1.11. Borel set and Borel measurable space. 


Given a topological space (X,7), according to Theorem 2.2.9, there is a a-algebra 
G(T) produced by 7. A topology T is collection of subsets of X. Let the o-algebra 
$B,(X) = G(T) be the Borel o-algebra in the topological space (X,7) or simply the 
Borel algebra. Any set in $,(X) is called a Borel Set. In particular, (X, 8,(X)) is 
called a Borel measurable space. 


Definition 2.1.12. F,-—set and G;- set. 


The set represented by a union of countable closed sets is called an F',- set and the set 
represented by an intersection of countable open sets is called a Gs— set. 


Definition 2.1.21. The extended Borel o-algebra. 


The o-algebra 8, (R) = G (T (IR)) C P(R) generated by 7 (IR) is called the extended 
Borel o-algebra. 


Definition 2.3.1. t-measurable. 
A function f: X —> R defined on a measurable space (X, 2) is called M-measurable. 


Definition 2.3.12. The positive part of the function f: X > R and the negative part 
of function f: X > R. 

The two functions f+: X — R from the function f: X — R defined on the set X are 
defined as 


ft(x) = max{f (x), 0} and f(x) = max{—f(z), O}. 


Definition 2.3.23. measurable. 


Given the measurable space (X, t,) and (Y, Me), if the function F: X — Y satisfies 
the condition 


F-'(B) € Dy (E S Me), 


the function F': X — Y is called measurable. 


2.2  o-Algebras 


Given a set X, the set of all subsets of X is denoted by P(X). Therefore, P(X) = 

{A: AC X}. 
Definition 2.2.1. If the set MC P(X) consisting of subsets of X satisfies 

(1) 6, X EM; 

(2) AEMt=— A= X-AECM; 

(3) A, € Mt (kK EN) = U Ap eM; 

k=1 
the set St is called a g-algebra. Instead of (3), if It satisfies 
(3')Az, Ag,---, An € M(n EN) => U A, EN, 
k=1 

the set SM is called an algebra of sets. 
Example 2.2.2. For a set X, M) = {A € P(X): either A is a finite set or A° is a 
finite set}. 


If X is a finite set, then INp = P(X), so Mp is both an algebra of set and a 
o-algebra. If X is an infinite set, 9% is an algebra of set, but not o-algebra. 


Definition 2.2.3. Given a set X and aoa-algebra M Cc P(X), (X, M) is called a 
measurable space, and any set in IN is called a measurable set. 


Proposition 2.2.4. For a measurable space (X ,N), 
(oe) 
Ap € MN(k EN) => a Ap € Mt. 
k=1 


Proof. 
According to Definition 2.2.1 (2), Ag € t(k € N) holds. Applying the Definition 2.2.1 
(3), we get UJ Af € St and apply the Definition 2.2.1 (2) and De Morgan’s Law 

k 


[Wei74], we get 
Aan = (0-48) eM. 
k=1 k=1 


Example 2.2.5. Let It, = {¢, X} and M_. = P(X) for a set X. Then, (X, My) is a 
measurable space (k= 1, 2). 


Example 2.2.6. Let X =N, A = {1, 3, 5,...} and B={2, 4, 6,...}. Then, mM = 
{¢, A, B, X} C P(X) and (X, M) is a measurable space. 


Proposition 2.2.7. Given an uncountable set X, let 
M={A C P(X): A is a countable set or A° is a countable set}. 
(X, MN) is a measurable space. 
Proposition 2.2.8. Let (X, N;) (j = 1, 2) be a measurable space for a set X and 
M = My, P) Ma. 
Then, (X,9N) is measurable space. 


Theorem 2.2.9. Given a set A(# 0) C P(X), there is one smallest o-algebra 
a(A) C P(X) containing A Cc P(X). 


Proof. 
Consider the set S = {9 C P(X): M is a o-algebra and A Cc Mt}. Now, 
CA) =. (2G 
MES 


It can be easily seen that o(A) is a o-algebra. First, for all St € S, since A CM, 
A c o(A) clearly holds, and if 9%’ C P(X) is a o-algebra that satisfies the condition 
Ac mM, then by the Definition of S, MN € S, so a(A) CM’ is satisfied. Therefore, 
o(A) is the smallest o-algebra containing A. 


Definition 2.2.10. Given a set A(Z4 0) C P(X), the o-algebra o(A) C P(X) obtained 
from Theorem 2.2.9 is called the o-algebra generated by A. 


Definition 2.2.11. Given a topological space (X,7T), according to Theorem 2.2.9, 
there is a a-algebra G(T ) produced by T. 

A topology 7 is collection of subsets of X. Let the o-algebra 8,(X) = G(T) be 
the Borel c-algebra in the topological space (X,7) or simply the Borel algebra. Any 
set in 8,(X) is called a Borel Set. In particular, (X, 8 ,(X)) is called a Borel 
measurable space. 


Definition 2.2.12. The set represented by a union of countable closed sets is called an 
F,-set and the set represented by an intersection of countable open sets is called a 
Gs5- set. 


Example 2.2.13. Given a topological space (X, T), any closed set is an F,- set and 
any an open set is a Gs— set. 

Also, the union of countable F’,- sets is an F',- set and the intersection of 
countable G;— sets is a Gs— set. In particular, a prerequisite for a set A € P(X) to be 
an F',- set is that the set A° € P(X) is a G5- set. 


Note 2.2.14. If the o-algebra generated by the usual topology U, has given on the set 
n 


TN 
R" = (Rx Rx.--- x R) ts expressed as 8,(R") = G(U,), then the elements of B,(R") 
are Borel sets in the topological space R” [Wei74]. 


Note 2.2.15. For the set R, if A= {(a, b): -oo << a< b<+co} C P(R), then 
G(A) = 8,(R) holds. 

Because we know that U4, C G(A), we get GU) C G(A). Since ACM, 
G(A) C G(U;) holds. Therefore, 8,(R) = G(U1) C G(A). 


Proposition 2.2.16. For the Borel o-algebra B,(R) C P(R) on the set R, the 
following holds. 
(a) Ai = {(a, b]: -co < a< b < +00} Cc P(R) = G(A1) 
(b) Az = {[a, 6]: -co < a< b < +00} C P(R) = G(Az2) = B,(R). 
(c) A3 = {(a, +00): a € R} Cc P(R) = G(As) = B,(R). 


T 
B 
os 
< 


Example 2.2.17. Considering the usual topology (R, U1), for a,b € R satisfying the 
condition a < b, we get 


(a,0)= U [a+3,b-2], {a} = 1) (a@-d,a42). 
n=1 n=1 
Therefore, an open interval is a G;—set and an F’,-set. All open sets are both 
G;-sets and F',-sets. For any real number p € R, {p} is a closed set, so {p} is both an 


F,-set and a Gs-set. Moreover, Q = ( {gq} is an F,-set. 
qeQ 


Note 2.2.18. F,-sets and G;-sets are relatively simple Borel sets. 
Moreover, the F,5-set is the intersection of countable F’,-sets and the G5,-set is 
the union of countable G;—sets, which are also Borel sets, 


(2.1) 
G;- set, Gs,- set, Gso5—- set. 


He set, F5- set, F,5,- set, 

If the F,5-set is the countable union of the set, then the set is F,-. If the Gs5,-set 

is the countable intersection of the set, then the set is Gs-. Thus, we define F,5- and 
Gs,-. By repeating this process, a sequence consisting of Borel sets can be obtained. 


Proposition 2.2.19. Given a topological space (X, T), let [F] and [G] be symbols 
representing all closed sets and all open sets, respectively. 

And all F',-sets are represented by [F,], also F',5-set is represented by [F765]. 
Define [F55,] in the same way. All Gs-—sets are represented by [G5], also G;,- set is 
represented by [G5,]. Define [G5,5] in the same way. 

Given a topological space (X,7), the following holds. 


fee [Fo] © [Fos] C [Foto] C++, 


[G] C [Gs] C [Gs] C [Gse5] C++. 


First, the order and operation are determined as follows to deal with the set of all 
extended real numbers. 


Note 2.2.20. Assume the set of extended R = [—o0, +00], the following order and 
algebraic operations are given for x € R: 


© (too) + (400) = £00, 

o £ + (400) = (too) + & = +00, 
o£ =0=, 

© (+00)(+00) = +00, 
sGaen)=—o5 


+60( x = 0); 
0 «(+00) = (400)a = 4 O(a = 0), 
Foo(x < 0), 
(+00) + (—oo) and (—oo) + (+00) are not defined. 
According to Note 2.2.20, we get: 


(a) The set R of all extended real numbers is an ordered set. 
(b) Given a set A C R arbitrarily, sup A and inf A exist within R. 
(c) Given an arbitrarily point a € R, (a, +00] is a neighborhood of +00. 


Define 
S(R) = {(a, +00], [—00, b): a, b ER} C P(R). 
The topology on R generated by S(R) is denoted by T(R) [Kub07]. 


Definition 2.2.21. The o-algebra B,(R) = G(T (R)) C P(R) generated by T(R) is 
called the extended Borel o-algebra. 


Proposition 2.2.22. Let Ap = {(a, too]: a€ R} C P(R). Then, Bo(R) = G(Ao), 
that is, Ag generates the extended Borel o-algebra. 
Proof. 


Let 6 € R and a choose a sequence (b;,)n>1 C R such that 
i < bn4i <b (n EN), 


N+ +00 


Then, 


[-00, 6) = UJ [-o0, bn] = R= () (bn, +00] 


na) n=1 


holds, so that [—o0, 6) € G(Apo), and in particular, S(R) C G(Ao) is obtained. 
Therefore, Ag C T(R) C G(Ao) hold. 


2.3. Measurable Functions 


Definition 2.3.1. A function f: X — R defined on a measurable space (X, IN) is 
called IN-measurable if 


{x € X: f(x) > a} © M (ae R) 
is satisfied. We denoted it f € M(X, I). 


Notation 2.3.2. The full set of measurable functions with extended real values on the 
measurable space (X, IN) will be expressed as follows. 


M(X,M) = {f : X +R] f is a measurable function}. 


Lemma 2.3.3. Given an extended real-valued function f: X — R for the measurable 
space (X, IN), the following are equivalent to each other. 


(a) f € M(X, M). 


(b|) Ag={xeEX: f(x) >a} € Mia ER). 
(c) By={x EX: f(x) <a} e Ma eR). 
(d) Co ={xeE X: f(x) > a} € Ma € R) 
(e) Da={x EX: f(x) <a} € Mla ER) 


(a)<=>(b) is clear by Definition 2.3.1. 
(b)<(c) is obtained immediately by applying By = AG and Ag = BS. 
(b)= >(d). Assuming that (b) is established, A, 1 € 20 for any natural 
number n € N. However, if you apply the Archimedes property [Hal74], we get 
1) A,_ 1'E2Cys 
n=1 


n 


Since the opposite inclusion is obvious, 
(oe) 

Cn = [| Agra 

n=1 he 


is established and thus Cy € IN is known. 
(d)==(b). Assuming that (d) is established, C1 € It for any n € N. 
However, if you apply the Archimedes property {[Hal74], we get 
Ag Cc U C, qi. 
n=1 i 


Since the opposite inclusion is clear, 
(oe) 
Ag= U Cyya- 
n=1 a 


is established and thus A, € It is known. 
(d)= (e), If Cy = DE and D, = C% are applied, the equivalence can be 
obtained immediately. 


Example 2.3.4. All constant functions are measurable. Let f: X — R be a constant 
function defined by f(z) = c(a € X) and leta ER. 


If cER: 
Oe ese); 
{zeEXx: jeay>on= 44 oe 
If c € {—co, +00}: since —co < a < +00, we get 
_ J@ (¢ = -oo), 
{rE X: f(z) >a} = fe mene, 


Since {z € X: f(x) > a} € Mi is established in either case, the constant function f: 
X — R is measurable. 


10 


Example 2.3.5. A function x,,: X + R defined as 


_ jl (@e£) 
vont (v4 B) 


for E € P(X) is called a characteristic function of the set FE €¢ P(X). If FE € M, the 
function x,,: X — R is measurable. Because we can see 


for any a € R. In either case, {x1 € X: x, > a} € M is established and the function 
Xj: X — R is measurable. 


Proposition 2.3.6. When considering the Borel measurable space (X, Bo(X)) for the 
Topological space (X, T), all continuous functions f: X + R are 8,(X)-measurable. 
Proof. 

We see that {2 € X: f(x) > a} = f-!((a@, +o0]) for any a E R. (a, +00] is an 
open set on R and the function f is continuous, so f~!((a,+00]) € T. Therefore, 
{xe X: f(x) > a} € B,(X) is established, and thus the continuous function f: 
X — R is 8,(X)-measurable. 


Lemma 2.3.7. When considering the Borel measurable space (R, %8,(IR)) for the 
Topological space (X, T ), all continuous functions f: R — R is Borel measurable. 


Example 2.3.8. Considering the Borel measurable space (R, 8(R)), all monotone 
functions f: R > R are measurable. Let’s only look at the case where the function f: 
IR — R is a monotone increase. That is, for any a € R, there is a real number 8 € R 
that satisfies 


{xz ER: f(z) > a} € {(8, +00), [B, +00), ¢, R}. 


In any case, {z € R: f(z) > a} € B(R) holds, and the monotone increasing function 
f: R—- R is measurable. 


Note 2.3.9. For the measurable space (X, It), the following holds. 
© x, EM(X, MS ACM. 


e If M= {d, X}, f Ee M(X, M) <> f is a constant function. 
e If N= P(X), any function f: X — R is measurable. 


Example 2.3.10. Given a measurable function f € M(X, MN) and a positive number 
r >0, if the function f,: X — R is defined as 
r (f(x) > 1), 
fr(t)= 49 f(x) (lf(2)| <r), 
=f GG) =) 


then f, € M(X, 9). If any real number a € R, 


11 


X (a <—r), 
{ce X: f,>a}= {2 eX: f(z) >a} (-—r<a<_r), 
0 (r <a) 


is established, so f. € M(X, 2). 


Lemma 2.3.11. Given measurable functions f, g: X > R on the measurable space 
(X, IN) and a real number c € R, we have cf, f?, f +g, fg, and |f| Ee M(X, M). 
Proof. 


(1) Consider the case of cf. 


e If c=0, cf is a constant function, so cf is a measurable function. 


e Ifc 0, 


{ee Ae flay > Sh le>'0), 
{ee xe fe) eS 0) 
is established for any a € R. In any case, {x € X: (cf)(x) > a} € Mis 
established, so cf is a measurable function. 
(2) In the case of f?, 
{ee X: f*(x) > at= 


{x € X: (cf)(z) >a} = 


XxX (a <0), 
{xe X: f(z) > Jas U{a Ee X: f(r) < —Va} (a > 0) 
is established for any a € R. In any case, {1 € X: f?(xz) > a} € Mis 
established, so f? is a measurable function. 
(3) In the case of f + g, if any real number a € R is fixed and the set S,. is 
given by 
S,={xeEX: f(x) >r}n{reX: f(x) >a-—r} 


for a rational number r € Q, then S, € 2 is established. Also, f+ g isa 
measurable function because 


{xe xX: (f+g9)(z) >a}= es 


is established by the density of the rational numbers in R. 
(4) In case of fg, if equation 


fo=3(¢+9"-(¢-9)’| 


is used and (1) — (3) are applied, then fg is a measurable function. 
(5) In case of |f|, 


{ex € X: |f\(@) > a} = 


x (a <0), 
{ze xX: f(z) >asU{zeX: f(z) < —a} (a >0) 


is established for any real number a € R. In either case, 
{xe X: |f|(x) > a} € M is established, so |f| is a measurable function. 
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Definition 2.3.12. The two functions f*: X — R from the function f: X +R 
defined on the set X are defined as 

f* (a) = max{f(z), 0} and f~ (x) = max{—f(z), 0}. 
The function f +: X — R is called the positive part of the function f: X R and f7: 
X — R is called the negative part of function f: X > R. 
Note 2.3.13. For the function f: X > R defined on the set X, the following holds. 


f=ft—-f and |ffaf*t+f, 
ft = 5(Ifl +f) and f~ = 5(Ifl —f). 


Proposition 2.3.14. If two functions f, g and h: X — R defined on the set X satisfy 


f(x) = g(a) — h(x) (re X), 

min{g(x), h(x)} 20 (r@E X), 
f(a) < g(x) and f~ (x) < h(x) (x € X) is established. In other words, the positive 
part f* and the negative part f~ of the function f are the smallest among the 


functions where the function f is expressed as the difference of the non-negative 
functions. 


Note 2.3.15. If f © M(X, M), the following is established by Archimedes Property 
[Hal74]. 


{ze X: f(z) =+co} = (l{ee x: f(z) > n} € Mt, 
ee Xe see (vers ein. 


n=1 


Theorem 2.3.16. The following is established for f: X — R having the measurable 
space (X, I) and extended real number value. 


{xe X: f(r) =—-oof eM, 
fEeM(X, WN) — ( {re X: a< f(r) <+oo} €M(a ER), 
{xe X: f(z) =ocof © M. 


Note 2.3.17. Given f © M(X, I), 
{ze X: -w< f(x) <ab=[{x eX: a< f(x) <+oo}U{ze X: f(r) =a}]* 


is established for any a € R, so it can be seen that {x € X: —oo < f(x) <a} € Mis 
established. 


Theorem 2.3.18. Given a measurable function f € M(X, IN) and any real number 
ceR, cf, f?, |f| and f* € M(X, M). 


Theorem 2.3.19. Given a measurable function sequence (fn)n>1 C M(X, IN), we 
define the function, f, F, f*, F*: X 2 R as follows. 


f(z) = inf fn(x), F(z)= sup fn(@), 
Poe lim inf fn (2), F*(x) = limsup f,(2). 
Nn T0o n— +00 
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Then, f, F, ft, F* € M(X,M). 


Corollary 2.3.20. If the measurable function sequence (fn)n>1 C M(X,MN) satisfies 
the condition 


Jim fa() = f() (@ € X), then f € M(X,M). 


Corollary 2.3.21. Given two measurable functions f,g © M(X,M), then 
fg © M(X,M). That is, 


fg €& M(X,M) => fg € M(X,M). 


Theorem 2.3.22. Given a measurable space (X, IN) and the function f: X > R, 
there is a simple function sequence (dn)n>1 that satisfies the condition 


f(z) = lim ¢,(2) (we X). 


n—--oo 
Moreover, the following holds. 

e If fe M(X, M), then (¢p)ns1 C S(X, M). 

e If f* © M*(X, M), the simple measurable function sequence 


(on)n>1 © S*(X, WM) increases monotonically. That is, it holds that 
0 < @n(x) < bngi(z) < f(z) (n€ Nand ze X). 


e If f € M(X, MN) is bounded, the simple measurable function sequence 
(on)n>1 C S(X, M) uniformly converges to the measurable function 
f © M(X, MN) on the measurable space (X, It). 


Definition 2.3.23. Given two measurable spaces (X, 9%) and (Y, My), if the 
function F: X > Y satisfies the condition 


F-1(E) Ee MN, (E € Me), 
the function F: X — Y is called measurable. 


Theorem 2.3.24. Given two measurable spaces (X, 9%) and (Y, Mz) and the 
measurable function F: X > Y, the following holds. 


fEM(Y, Mo.) == foF € M(X, Mm). 


14 


Chapter 3 


Measure Spaces 


3.1 Related Theorems and Definitions 


Definition 3.1.1. A measure and a measure space. 


Given a measurable space (X, 9), if the function py: IN — R with an extended 
real-valued and defined on o-algebra SM, satisfies the condition 


(1) (0) = 0, 
(2) u(B) = 0 (A EM), 


(3) (En)no1 C Mand By, A Em = o(n # m) n(U Ex) = > wl) 


pu: IN — R is called a measure and (X, Mt, jz) is called a measure space. 


Definition 3.1.2. A finite measure, finite measure space and o-finite measure space. 
Given a measure space (X, Mt, jz), it is defined as follows. 


(a) If the condition p(X) < +00 is satisfied, y is called a finite measure and 
(X, I, 14) is called a finite measure space. 


(b) If there exists a measurable set sequence (E,)n>1 C IM that satisfies 
[oe) 
the condition X = LU E, and p(E,) < +00 (n EN), pu is called a o-finite 


n=1 
measure and (X, St, ju) is called a o-finite measure space. 


Definition 3.1.3. The Borel measure space. 


For the Topological space (X, 7), if the measure p: 8% — R is given and the Borel 
measure space (X, 8,(X)) is considered, (X, B,(X), 14) is called the Borel measure 
space. 


Definition 3.1.4. A translation invariant measure space. 
If the measure space (X, Mt, 4) satisfies the condition 
EeMandack=> E+ac€ Mand w(E + a) = p(£) 


for a closed set X by addition, the measure space (X, Mt, jz) is called a translation 
invariant measure space. 


Definition 3.1.5. A complete measure space and complete measure. 


If a measure space (X, IM, 4) is given and the conditions 
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N eM and p(N) = 0 = P(N) cM 


are satisfied, (X, IN, 41) is called a complete measure space and the function p: 
M — [0, +00] is called a complete measure. 


Definition 3.1.6. The completion of the measure space, completion of IN and 
completion of pL. 

Given a measure space (X, 2, 4), a complete measure space (X, mM, jt) that satisfies 
the condition [It C M and (i|9Nt = p] is called the completion of the measure space (X, 
M, yw). The o-algebra M is called the completion of 9% for a measure pz, and a measure 
ji is called the completion of pu. 


3.2 Measures 


Definition 3.2.1. Given a measurable space (X, MN), if the function pw: MN > R with 
an extended real-valued and defined on o-algebra IN, satisfies the condition 


(1) u(0) = 0, 
(2) w(E) = 0 (BEM), 


(3) (Ey)no1 C Mand Ey A Em = o(n ~ m) n(U Ex) = > w(Ee) 


pi: IN — R is called a measure and (X, Mt, pz) is called a measure space. 


Note 3.2.2. A measurable set sequence (En)n>1 C M satisfies the condition 
En Q Em = o(n € m) is called a disjoint measurable set sequence. The property 


[o-e) [o-e) 
u( U fx) =>) (Ex) 
k=1 k=1 
is called countably additivity of 4 for a disjoint measurable set sequence (En)n>1 C Mt. 


Definition 3.2.3. Given a measure space (X, MN, ws), it is defined as follows. 


(a) If the condition p(X) < +o0 is satisfied, y is called a finite measure and 
(X, I, js) is called a finite measure space. 


(b) If there exists a measurable set sequence (Ey)n>1 C MM that satisfies 
[o-e) 
the condition X = LU E, and p(E,) < +00 (n EN), p is called a o-finite 


n=1 
measure and (X, St, yw) is called a o-finite measure space. 


Example 3.2.4. If function 1: P(X) > R is defined as (EF) = 0(E€ P(X)) for 
the measurable space (X, P(X)), then the function p14: P(X) > R is a finite measure. 
Also, if the function 2: P(X) > R is defined as 


then the function 2: P(X) > R is neither a finite measure nor a o-finite measure. 


Example 3.2.5. If a point p € X is fixed and the function uw: P(X) > R is defined as 
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for the measurable space (X, P(X)), then the function p: P(X) > R is a finite 
measure. The measure pu: P(X) — R is called a Dirac measure or a point mass 
measure at point p € X. 


Example 3.2.6. (Counting measure [Kub07]) Jf the function 1: P(N) — R is defined 
as 


_ J} #(E) (finite set), 
ae)={ +oo (infinite set) 


for the measurable space (N, P(N)), then the function p: P(X) > R is a measure. In 
particular, the function uw: P(X) — R is a o-finite measure, but not a finite measure. 


Definition 3.2.7. For the Topological space (X, 7), if the measure yu: 8 — R is 
given and the Borel measure space (X, B,(X)) is considered, (X, Bo(X), 7) is called 
the Borel measure space. 


Example 3.2.8. Given the Borel measurable space (R, Bo(R)), there is a unique 
measure : B,(R) > R that satisfies the condition 


A((a, b]) = b- a (-co <a <b < +00). 


The measure A: 8,(R) — R is called the Borel measure, and (R, 8,(R), A) is called 
the Borel measure space. The Borel measure \: 8,(R) > R is a o-finite measure. 


Example 3.2.9. Given a Borel measurable space (R, 8,(R)) and a monotone 
increasing continuous function f: R— R, there is a unique measure Af: Bo(R) > R 
that satisfies the condition 


Ag((a, b]) = f(b) — f(a) (-o < a <b < +00). 


The measure Af: B,(R) > R is a Borel measure derived by the function f: R > R, 
and (R, 8,(R), A) is called the Borel measure space. 


Definition 3.2.10. If the measure space (X, M, yw) satisfies the condition 
EeMandack=> E+a€ Mand w(E + a) = p(£) 


for a closed set X by addition, the measure space (X, Mt, jz) is called a translation 
invariant measure space. 


Lemma 3.2.11. Given a measurable set sequence (An)n>1 C M for a measurable space 
(X, IN), there exists a monotone increasing measurable set sequence (En)n>1 C I and 
a disjoint measurable set sequence (Fn)n>1 C M that satisfies condition 


oo oo oe) 
Cea ee 
n=1 n=1 n=1 


Proposition 3.2.12. Given a measure space (X, MN, uw) and E, F © M, the following 
holds. 


(a) ECF = mE) < w(F). 
(b) EC F and p(E) < +00 => WF - £) = p(F) - p(£). 
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Proposition 3.2.13. Given a measure space (X, MN, yw), the following holds. 


(a) (En)n>1 C Dt: monotone increasing set sequence 
(oe) 
(b) (En)n>1 C Mt: monotone decreasing set sequence and pu( £1) < +00 
(oe) 
(0) Ba) = lim, n(n: 


3.3. Completion of Measures 


3.3.1 Complete Measures 
Definition 3.3.1.1. If a measure space (X, M, ws) is given and the conditions 
N eM and w(N) =0 = P(N) cM 


are satisfied, (X, MN, yw) is called a complete measure space and the function pu: 
M — [0, +00] is called a completion. 
Given a measure space (X, It, 4), let Nt be the collection of all sets in M: 


NW={N eM: u(N) = O}. 


If 4 is not complete, then N € MN and yu(N) = 0. There is F € P(N) that satisfies 
F ¢ 9M. Now, consider the completion of a given measure space (X, Wt, yu). 


Proposition 3.3.1.2. Given a measure space (X, M, w), the o-algebra G(INU D) 
generated by NUD is expressed as follows. 


G(MUD) ={FUF: HE Mand FED}. (3.1) 


Theorem 3.3.1.3. Given a measure space (X, IN, 1), there exists only one complete 
measure space (X, M, w) that satisfies the condition 


Mc M, 

AIM = p. 
Definition 3.3.1.4. Given a measure space (X, IN, 11), a complete measure space (X, 
M, ji) that satisfies the condition [MN CM and fi] 9M = py] is called the completion of 
the measure space (X, MN, w). The o-algebra IM is called the completion of IM for a 
measure ps, and a measure fi is called the completion of pu. 


3.3.2. Almost Everywhere 


Definition 3.3.2.5. Given a measure space (X, IN, 4) and P(x) is a Proposition for 
xz € X, the condition 


WN) = 0, 
{zEX:~ P(z)} CN, 


is satisfied. If N € MN exists, almost everywhere P(x) is established. It is denoted as 


P pra. [X] or P(x) p-ae rE X. 
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Note 3.3.2.6. If the measure space (X, IN, 41) is complete, it can be seen that the 
following holds. 


Pyra.e [X]=> p({z € X: ~ P(x)}) = 0. 


Example 3.3.2.7. Considering the Lebesgue measure space (R, IN, y) and the 
characteristic function Xg of the set of all rational numbers Q CR, {a ER: 


Xg(*) #0} = Q and ¥(Q) = 0, so Xg =07-a€ (R]. Almost all real numbers are 
irrational numbers. 


Proposition 3.3.2.8. Given a complete measure space (X, IN, 1) and the functions 
fig: X OR, iff © M(X, M) and f = g p-a.e [X], the following holds. 
(a) g€ M(X, MN). 
(b) w({x € X: g > a}) =pl({z € X: f(z) > a} (@ ER). 
Proof. 
If N={2# eX: f(x) = g(zx)}, since f = g p-a.e [X] is established, (N°) = 0. All 
subsets of N° are measurable and all measures are zero. For any real number 
aeéER, 


{rE X: g(t) >as={xeE N: g(x) >asU{xt@ Ee N*: g(x) > a} (3.2) 
={r EN: f(x) >a}U{@e N*: g(x) >a} 
is established, especially {2 € N°: g(x) > a} C N°. However, since (X, It, j) is 
a complete measure space, {x € N°: g(x) > a} € Mt is established. Meanwhile, 
since it is 
{z EN: f(z) >af={xreX: f(z) >a} NN eM, 

we get g © M(X, I) from (3.2). Also, since it is 

{cE X:f(r)>as={xzeEN: f(x) >a}U{xe N*: f(z) > a}, 

{xe N*: f(t) >a} CNS, 
we get u({z € N°: f(x) > a}) = 0. it can be seen that 

w({@ € X: g(x) > a}) = w({2 € X: f(x) > a}) 


is established. 


Example 3.3.2.9. Two functions f,g: RR on the Lebesgue measure space (R, IN, 
7) are defined as f(x) = sinz (« € R) and 


_ jcos x (x € Q), 
g(a) = i ee 


Since f is continuous, f € M (R, St). Meanwhile, since Q is a countable set, so it is 
y({x ER: f(x) 4 g(x)}) = 7(Q) = 0. Thus, it can be seen that f = g y-a.e [R]. 
Therefore, applying Proposition 3.3.2.8, we get g © M(R, St). 


Proposition 3.3.2.10. Given a measure space (X, IN, u), if tim fn =f p-a.e [X] 
n (oe) 
and lim fr = 9 pw-a.e |X] for the measurable function sequence (fr)n>1 C M(X,M) 
N>+0CoO ce 
and the measurable functions f,g © M(X, IN), then f = g p-a.e |X] is established. 
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Proposition 3.3.2.11. Given a measure space (X, M, w), if lim fr =f p-a.e [X] 
nN—-+00 


and f = q p-a.e [|X| for the measurable function sequence (fr)n>1 C M(X, IN) and the 
measurable functions f,g © M(X, M), then iim fn = p-a.e |X] is established. 


Proposition 3.3.2.12. Given a measure space (X, M, w), if lim Jn =f p-a.e [X] 


and fn <g p-a.e |X| (n €N) for the measurable function sequence (fn)n>1 C M(X, 
M) and the measurable functions f,g © M(X, M), then f < g p-a.e [X] is established. 


3.3.3. Cantor Sets 


Consider the Borel measure space (R, %,(R), 4) and the measurable set Eo = [0, 


1] € Bey on the set of all real numbers R. If the open interval (4. 2) is removed from 


the set Eo = [0, 1] and the remaining set is £), then 
B= |0, 3] [2,4]. 


Also, if the closed interval [o, 3] and 2, 1| are divided into thirds, the middle open 


interval is removed, and the remaining set is F2, then 
B= |o.3]U [5 3] [5 3] U5 4): 


By repeating this process, we obtain a compact set sequence (En )n>1 C Ba (R) that 
satisfies the condition 


En € Ba(R) (n EN), 
Ey, > Fy D E3>D-:-:-, 
Mn) = 37" - 2 = (3) (n EN). 


[o-e) 
In this case, P = () E,, is called the Cantor set. In particular, P is a compact set and 


n=1 
P #9. Also, applying Proposition 3.2.12, 


\MP)= lim AE_= lim (3)" =0 


n—-+00 n—+00 


is established. 


Proposition 3.3.3.13. The Cantor set P has the following properties. 
(a) P is a compact set and P € $,(R). 
(b) P does not include any open intervals. 


(c) P is a non-countable set. 


3.3.4 Cantor-Lebesgue Functions 


Given a the set D, = [0, 1] — E, (n € N), the set D, means 2” — 1 open intervals 
removed when constructing the nth Cantor set. The removed intervals are sorted from 
the left and denoted by I? (j = 1, 2,---, 2" —1). The function f,: [0, 1] > R is 
defined as 
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0 (e=0); 
SG Apes), 
fila) = linear (x € Ep), 
1 Ges 1) 


for each x € [0, 1]. However, the linear is selected the function f,, is continuous on Ey. 
Then the function f,: [0, 1] > R increases monotonically. Moreover, 


i. => pee.4) (x € IX and j € {1, 2, peer 202 1}), 
in(x) — fn4i(x)| < 27” (a € [0, 1) 


is established. However, since 


BH 


m—- 


(A(@) - pats) 


k 


3 QS 
LAr 


IA 


i@) - fu] 


IA 


Me iM 


é@) - Fu] 


&. 
ll 
cd 


2-3 = 2-**1 (¢ © [0, 1) 


o 


ll 
> 


Jj 


is satisfied for any natural numbers k,m € N that satisfies the condition k < m, the 
function sequence (f;)n>1 uniformly converges on the interval [0, 1] by the Cauchy 
Test [Kub07]. In this case, the limit function f: [0,1] > R defined as 

ie) = im, fn(a) (x € [0,1]) is called the Cantor-Lebesgue [Wei74] functions. 


Proposition 3.3.4.14. The Cantor Lebesgue function f : [0, 1] > R has the following 
properties. 

Ka) 7 (00 and fl) 

(b) f is continuous and increases monotonically on the interval [0, 1]. 


(c) f is constant on each open interval removed when constructing the Cantor set 
P. 
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Chapter 4 


Integral of Non-negative 
Measurable Functions 


4.1 Related Theorems and Definitions 


Definition 4.1.1. The standard representation of a simple measurable function. 
Given a simple measurable function ¢: X — R, an expression such as (4.1) is called 
the standard representation of a simple measurable function ¢: X —> R. 


Definition 4.1.2. The Lebesgue integral. 
Given a measure space (X, Wt, w), we define 


[Ff du=sup{ fo du: ge Sf(x, mm} (4.3) 


for the measurable function f € M* (X, 9). (4.3) is called the Lebesgue integral 
[Wei73] of the measure function f € M*(X,9N) for measure p: It + [0, +00]. 


Theorem 4.1.3. The standard expression. 
For the measurable function f € M* (X, 9) and measurable set EF € MN, the following 
holds. 


(a) f(z) = 0 (we FE) = ff du= 0. 
(b) w(Z) = 0 => Jp f du= 0. 


n 
p= YS ax ce is called the standard expression. 
k=1 


4.2 Integral of Non-negative Measurable Functions 


4.2.1 Integral of Simple Measurable Functions 


Given a function ¢: X — R, since the range ¢(X) is a finite set, if we put 


H(X)= {a, a2, °"", Gn } and a; # ak, (j # k) 
and let Ay = 6 !({ax}) for each k € {1, 2, --- , n}, the following holds. 


Aj;NAp=OG#K), X = U Ag and d= do ax, (4.1) 
k=1 k=1 
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Here, XA, X — R is a characteristic function of A, € P(X). 


Proposition 4.2.1.1. If the simple function ¢: X — R defined on the measurable 
space (X, Mt) is expressed as (4.1), the following holds. 


bE S(X, WM) > Ap EC M(kKE 1, 2,--- , n). 


Definition 4.2.1.2. Given a simple measurable function @: X — R, an expression 
such as (4.1) is called the standard representation of a simple measurable function ¢: 
XR. 


Definition 4.2.1.3. If the non-negative simple measurable function ¢ € S* (X, M) 
has a standard expression 


n 
Q = > AX A, 
k=1 
as shown in (4.1), the integration for ¢ is defined as follows. 


[ob du => apy). (4.2) 


k=1 
Note 4.2.1.4. In (4.2), the already defined rule 0 - (+00) = 0 is applied, and 


pu( Ax) = +00 for any Ap € MN. 
If a, > 0, 


fb du =X aul Ap) € [0, +00] 


is established because agju( Az) = +00. 
If ¢ = 0, the standard expression of ¢ is 6 =0-x,, so 


fodp=0- p(X) = 0. 


Lemma 4.2.1.5. If the non-negative measurable simple function 6 € St (X, M) is 
expressed as 


=> bix,, BAB) =0(i AJ) and X = [) Bi, 
i=1 : i=1 
the following holds. 


fodu= de bipe( Bi). 


i=l 

Theorem 4.2.1.6. Given a non-negative measurable simple functions d, w € St (X, 
Mt) and a non-negative real number c € Rso, the following holds. 

(a) fcodu=cf du. 

(b) [(@+¥) du=fodut fu du. 

(c) (2) < Ve) (w@ € X) = [odus foag. 
Proof. 

(a) If c= 0, since cd = 0, 


fcodu=0=cfddu 


is established. 
If c> 0, it is ch € St (X, MN). Moreover, if we put 


n n 
= 21 4Xp. HOE =0 (1 #5) and X = U Fi 
j=l pes 


we get 


n n 
co =e C0jXp, BE; =0 (i Aj) and X = U Ej. 
j= ge 


If Lemma 4.2.1.5 is applied, 
fcodp= S CE) Se » ajuE; =c fo du 
j= j= 
is established. 
(b) The standard expression of the simple measurable functions 
od, w € St (X, M) are set as 


= >) Gx, andw= > ObX p 
j=l y k=1 


respectively. If we consider the subset 


{Ej 0 Fp: BE; Fe AO (1 <j<nand1<k<n)} = {Aj, Ao,--- 


Ayn} of X, we can rewrite them as 
N N 
= > UX 4, and y = > biX 4, 
i=l i=l 


and get 
ety= di (a oh bi)X 4,: 


Now, if Lemma 4.2.1.5 is applied, 


n 


[(O+¥) du = So (a; + 6;)u(Ai) 


i=l 
= S0 ap(Ai) + > bist As) 
i=1 = 
=fodu+ fvdu 
is established. 


(c) The standard expression of the simple measurable functions 
b, W € St(X, M) are set as 


n n 
C= > aX p and wy = pe DRX p+ 
J= => 


respectively. By applying the same method as in the proof (b) is 


applied, it can be rewritten as 
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However, since it is O(a”) < ¥(az) (x € X), a; < }; is established for 
each 7 € {1, 2,--- , N}. Moreover, if Lemma 4.2.1.5 is applied, 


fo d= ayp(Ai) < inlA) = fv dy 


is obtained. 


Theorem 4.2.1.7. If the function Ag: M — R is defined as \g(E) = fox du= feo 
du for the non-negative simple measurable function ¢ € St(X, MN), the function 
Ag : It — R is a measure. 


4.2.2 Integral of Non-negative Measurable Functions 
Definition 4.2.2.8. Given a measure space (X, IN, 1), we define 


[Ff du=sup{ fo du: ¢eSf(x, mm} (4.3) 


for the measurable function f € M* (X, 9). (4.3) is called the Lebesgue integral 
[Wei73] of the measure function f € M*(X,9) for measure p: NM — [0, +00]. If 
E € Mt is given, it is defined as 


Sef du= ffx, du (4.4) 


because it is fx, € M* (X, M). (4.4) is called the Lebesgue integral [Wei73] of the 
measurable function f € M*(X, IM) for the measure p: It — [0, +oo] on the 
measurable set E € IN. 


Theorem 4.2.2.9. For the measure space (X, IN, 4), the following holds. 
(a) f,g € M* (X, M) and f(x) < g(x) (ce X) = ff du< fg dp. 
fe M*(X, M) 

(b) 


E,Fe€Mand ECF Inf Ms Inf du 


Theorem 4.2.2.10. For the measurable function f € M* (X, IN) and measurable set 
E em, the following holds. 
(a) f(x) = 0(@€ LE) ff du= 0. 
(b) w(E) = 0 = ff du= 0. 
Proof. 
(a) It is f = 0 (2 € EB) because it is fy, = 0 € St (X, M). Therefore, 
according to Note 4.2.1.4, 


Sef du=Jfx_du= 0 


is established. 
(b) If positive number € > 0 is arbitrarily determined, there is a 
simple measurable function @ € a (X, Nt) that satisfies the inequality 


E 
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Snfx_ d< fodute 
according to Definition 4.2.2.8. However, since it is 
0 < (x) S (fxg)(2) S$ f(2)x_(2)(x € X), 
we can be seen that it is 6(X) = 0 (a4 € E*). 
Now, ¢= s aX 4, is called the standard expression. Applying 
Theorem 49.17, (a) and Proposition 3.3.2.11, we get 


Sodu=fpo dut fre b du (by Theorem 4.2.1.7) 
=f xp de (6 (2) = 0 (@ € BY and Jpg du = foxy dy) 


k=1 k=1 


Therefore, f. pl du= Sfx fp de < € is established. However, since € > 0 
is an arbitrarily given positive number, the conclusion is established according 
to Proposition 4.2.2.10.1. 


Proposition 4.2.2.10.1. (Infinitesimal Principle [Wei74]) For real Numbers a,b € R, 
the following holds. 


a<b+e(e>0)=a<b. (1) 


Proof. 


Assuming a > b by denying the conclusion, it is 


e= 4° >O0andbt+e =b+ 50 = HH < Bt =a, 
However, this contradicts the assumption of (1). 


Corollary 4.2.2.11. For the measurable functions f,g € M*(X,M), the following 
holds. 


f<gpae[X] => ff dus fg du. 


4.3. The Monotone Convergence Theorem 


Theorem 4.3.1. (Monotone Convergence Theorem [MCT] [Kub07]) 
If the measurable function sequence (fn)n>1 C Mt(X, M) satisfies the condition 


0< fr(t) < frti(z) (c@ € X and ne N), 
lim f,(z) = f(x) (x € X), 


N—-+00 


the following holds. 
+ : = 
fem (X, M) and lim ff fn du = ff du. 


Proof. 


According to Corollary 2.3.21, it can be seen that f € Mt(X, 3). Since it is 
trl) < frti(z) < f(x) (a € X) for each natural number n € N, 
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Sin dws ffruidus ff du(n€N) 
is established if Theorem 4.2.2.9 is applied. So we can get 


lira, Se facde sf fap. (4.5) 


n—- +00 


In order to obtain an inequality in the opposite direction, any a € (0,1) and any 
PE SF (X, Nt) are selected. For each natural number n € N, we set it as a set 
An ={x EX: f,(z) > ad(z)}. Then 


An € M, An C Anyi and X = U Ay 


n=1 


are established. Therefore, we get 


Ja, 0b Wes fy, fr bo = firXy WS Shr dp 


by Theorem 4.2.2.9. Meanwhile, according to Theorem 4.2.1.7, function 
Aag: Mt — [0, +00] (E > J, a dy) is a measure, and 


n—-+00 


(aed as = rool 6 4s) = Jim Aag(An) = lim f4,.a¢ du 
is established using Proposition 3.2.13. Therefore, it is 
afedu=foddu= lim fy,ad dus lim f fr du 
according to Theorem 4.2.1.6. In particular, since a € (0,1) is arbitrary, 
fodus lim fin du 


is obtained by applying Proposition 4.3.1.1. However, since ¢ € SF (X, Dt) was 
randomly selected, it can be seen that it is 


Sfdus lim fin dy (4.6) 
by the integral Definition. Combining (4.5) and (4.6) yields 


Proposition 4.3.1.1. (Infinitesimal Principle [Wei74]) Given the non-negative real 
number a > 0 and b > 0, the following holds. 


eb < a(e€ (0, 1)) = b<a. 


Theorem 4.3.2. For non-negative measurable functions, the following holds. 


(a) f Ee Mt(X, NM) and ce > 0 = cf EC Mt(X, MD and f cf du=cf f 
du. 

(b) f, ge¢ M*(X, M) => f+ ge M*(X, M) and f(f +g) du 
=ffdut+ fg dp. 


Proof. 


(a) The case of c = 0 is clear. 
If c > 0, by applying Theorem 2.3.24, we can select a simple 
measurable increasing function sequence (¢n)n>1 C St(X, M) that 
satisfies 
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lim n(x) = f(x) (x EX). 


n—-+00 


Therefore, (cdn)n>1 C S* (X, M) is also a simple measurable 
increasing function sequence and furthermore satisfies 


lim cd,(x) = cf(x) (x € X). 


N—-+00 
Therefore, it is cf € M*(X, M), then 
fof du= lim J con dp = c lim fbn du=c/f f du 


is established by Theorem 4.3.1 and Theorem 4.2.1.6. 


(b) By applying Theorem 2.3.24, we can choose a simple measurable 
increasing function sequence (¢n)n>1, (Wn)n>1 C ST(X, M) 
that satisfies 


lim @n(#) = f(#) and lim n(#) = g(2) 


n—-+00 n—-+00 


for an arbitrarily given z € X. Therefore, (dn + Wn)n>1 C St(X, MM) 
is also a simple measurable increasing function sequence and 
furthermore satisfies 


lim (¢n(z) + Un(2)) = f(a) + (2) (@ € X). 


n—-+00 


Therefore, it is f +g € Mt(X, M). 


[r+ 9) du tin f (on +n) a 


= tim} [onder fonanl 


du+ lim Jv du 
n—>+00 


=frans fo dy 


is established by Theorem 4.3.1 and Theorem 4.2.1.6. 
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Proposition 4.3.3. If the measurable functions f,g € M*(X, IN) satisfies the 
condition 


f(z) < g(x) (@E X), 
{re X: f(z) = +00} =9, 
if dp < +00, 


the following equation is established for an arbitrarily given measurable set E € SI. 
Je9-f) du = fog de Saf dp. 


Theorem 4.3.4. If the measurable function f € M*(X, M) satisfies the condition | f 
dp < +00, there is a positive number 0 > 0 that satisfies 


[EZ € MN and p(E) < ol=> J, f du<e 


for an arbitrarily given positive number ¢ > 0. 


Theorem 4.3.5. (Fatou Lemma [Bog07]) The inequality 
ae eqns 
J (omjat Sn) ae < tm nf Ju 


is established for the measurable function sequence (fn)n>1 C M*(X, M). 
Proof. 


Let gm = inf fn for any natural number m € N, then 


Gm © Mt(X, M), 
0 < gm(Z) < gm4i(z) (2 € X and m EN), 
gm < fn(n € N and n> ™m), 


lim gm(x) = sup ( inf In(x)) = liminf f,(x) (4 € X) 


m—++oo m>1 n>m n—--+00 
is established, we get 
f 9m de < f fp du (ne Nand n> m). 


Therefore, since 
Sf 9m du < int { fh dy} (m € N) 
is obtained, 
eS d afd 
J 9 du <sup{ J gm dy < sup (inl {LF dus) = tamint [Jn de 

is established for any k € N. Meanwhile, 

Siete i) ae Me pedis Wek gb 
is established by Theorem 4.3.1. 

J (imal te) ee < tim nt [fa ds 


is obtained by (4.7) and (4.8). 
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(4.7) 


(4.8) 


Theorem 4.3.6. For the measurable function f € M*(X, MN), the following holds. 


f = Oprae [X] = ff du=0. 
Theorem 4.3.7. If the function rA¢: IN > R is defined as 
As(E) = fof du =f fxg du 
for the measurable function Af: It > R, the following holds. 


(a) The function A: It — [0, +00] is a measure. 
(b) £ € Mand p(L) = 0 => A, (EL) = 0. 
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Corollary 4.3.8. If the monotone increasing function sequence (fr)n>1 C Mt (X, M) 
and the function f € Mt(X, MN) satisfy 


(lim Jn = fara [X], 


the equation f f du = tim J fn dp is established. 


Corollary 4.3.9. Given a measurable function sequence (fn)n>1 C Mt(X, IN), the 
following holds. 
i 


n 
If gx = >> fe is set for each natural number n € N, the measurable function 
k=1 
sequence (gn)n>1 C Mt(X, M) increases monotonically and furthermore 
satisfies 


ie 


hn) du. = aE du (x € X). 


Proof. 


ee y Rove. 


Nn—-+00 


Therefore, applying Theorem 4.3.1 and Theorem 4.3.2, we get 
= : . n lee) 
J & 2 eee J Gn dps = ee Pay ian & Tae 


Corollary 4.3.10. For the double sequence aj; > 0 ((i, j)ENx N), the following 
holds. 


M48 
Me 


ll 
an 


CO CO 
Gig = DD Gy. 
jeli=l 


a 


lj 
Proof. 


Consider the counting measure space (N, P(N), u).[ fthefunctionf, : N > R for 
each natural number n € N is defined as fr(j) = an,j(7 € N), it can be seen that 
tn © M*(N, P(N)). However, since 


n= j=in=1 j=ln=1 
ae J fn du= >) De ha(3) =) Vay, 
n=1 n=1 j=1 n=1 j=1 


applying Corollary 4.3.9 leads to the required conclusion. 
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Chapter 5 


Integrable Functions 


5.1 Integrable Function Spaces 
5.1.1 Integrable Functions 
Given a measurable function f € M (X , MN), it can see that it is 


Oe f ft du<+oo and0< f[f~ du<+oo (5,1) 


because it is f* € Mt (X , MM). If at least one of the two integrals in (5.1) is a finite, it 
is expressed as 


Sf du= ff du— ff due [-ce, too], (5.2) 


and the integral { fdy is defined. 
If both integrals in (5.1) are finite , it is defined as 


Sfdu=fft du—ff- dqueR. (5.3) 


The function f € M (X,M) is called the Lebesgue integrable [Wei73] for the measure 
ju: Mt — [0, +oo]. The set of all integrable functions is denoted by 


Li(X, M, w) ={f © M(X, MD): [fF du < +o}. 


Definition 5.1.1.1. For the integrable function f € Ly (X , M, w) and the measurable 
set EF © M, it is defined as 


Jef d= fof? du fe fo dp. 


Proposition 5.1.1.2. For the integrable function f € Ly (X , M, w) and the disjoint 
measurable set sequence (En)nj<1 CM, 


Jus. pf du = aul dys 
is established. 


Proposition 5.1.1.3. If the integrals [ f dw and f g du are both defined for the 
measurable functions f, g © M(X,M), 


f <gpae [X] => f fds f gdp 
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is established. 
Proposition 5.1.1.4. If the measurable functions f, g € M(X, IN) satisfies 
f = gu-a.e |X], the following holds. 
(a) f € Li(X, WM, uw) => g € Li(X, Mi, pw). 
(b) ff du= fg du. 
Proof. 


Since f = gp-a.e [X | by the assumption, there is a measurable set N € SN that 
satisfies the condition 


N)= 
u(N) =0, (5.4) 
f(t) = 9 (2) («@ € N°). 
Therefore, f* = g* p-a.e[X | is established, and thus 
Sf  du= fg* du 


is obtained. In particular, f € £1(X, WN, w) — > g € Li(X, M, p) is established. 
Moreover, it is 


fodqe=fgotdu-fg du=fftdu—f- du=Jf du. 


5.1.2 Properties of Integrable Functions 

Theorem 5.1.2.5. f € £1(X, Mt, w) => |f| © Li(X, M, pw). 

Proof. 

First, it should be noted that f € £1(X, Nt, wu) — > [f © M(X, MN) and 
J f= dus < +00] by Definition. If f € £1(X, M, js) is assumed, it is 


lilt =f] = ft +f € MA(X, M) and [f[- = 0 € M*(X, M). 


However, according to Theorem 4.3.2, since 
[fl dx =0< +00 and f|f|* du = flfldu=ff* du+t ff- du <+too, 
it is |f| € £1(X, Mt, p). 


Example 5.1.2.6. Let t= {¢, X} for a set X, and if we define the function p: 
M — [0, too] as u(d) = 0 and p(X) = 1, the measure space (X, M, jz) is obtained. 


For a set FE € P(X ) that satisfies E ¢ {¢, X}, if the function f: X — R is defined as 


lll ol ee), 
f(z) = i (2 € B), 
it is f ¢€ M(X, MN) but |f| € M(X, Mt). Moreover, since 


Slfldu= fo dp = p(X) = 1, 


it is If| € L£i(x, mM, Lt). 


Theorem 5.1.2.7. [f © M(X, 0) and |f| © £i(X, MM, w)] —> f € Li(X, M, pw). 
Proof. 

Assuming f € M(X, 9) and |f| € £1 (X, M, w), since ft < |f| =|f|> and 

f~ <|fl =IfI7, it is f © £1(X, M, pw) according to Theorem 4.2.2.9. 
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Corollary 5.1.2.8. For the measurable function f € M(X, MN), f © Li(X, M, 
ju) <=> |f| € Li(X, M, pw) is established. 


Theorem 5.1.2.9. [f an integral [ f du is defined for the measurable function 
f EM(X, M), an inequality 


Sf du) < f\f\ du 
[JF an 


is established. 
Proof. 


If f |f| dp = +00, an inequality holds without proof, so we assume f |f| dj < +00. 
Since f* < |f| on the set X, 


O< fft du<+tooand0< [f 7 du<-+oo 


are established to obtain f € £1(X, IM, u). Moreover, applying Theorem 4.3.2 
establishes 
ae) =| fide fra 


< frtau+ [ay 


Corollary 5.1.2.10. Jf the measurable function f € M(X, IN) satisfies the condition 
g EL(X, M, wr): |f(x)| < |g(x)| (@ € X), 


the following holds. 
(a) f € £i1(X, M, py). 
(b) fifldu< fg] du. 


Theorem 5.1.2.11. (Chebychev inequality [Kub07]) An inequality 


ap({a € X: |f (x)| > a}) = ffl du 


is established for the measurable function f € M(X, St) and the positive number 
a> 0: 


Theorem 5.1.2.12. Given a measurable function f € M(X, I), the following holds. 
f ELi(X, M, uw) = f(z) eRpae re X. 


Theorem 5.1.2.13. For the integrable functions f,g € £Li(X, M, w) anda ER, the 
following holds. 


(a) af, f+g € Li(X, M, uw). The set £L1(X, M, pw) is the vector space on R. 
(b) fafdw=af fdwand f(f+g) du=Jfdut fg] du. 
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5.2 Lebesgue’s Dominated Convergence Theorem 


Theorem 5.2.1. (Lebesgue’s Dominated Convergence Theorem [Bog07]) 
If the measurable function sequence (fn),,5; C M(X, I) holds the condition 
lim fale) = f(2)(@ € X), 
g €Li(X, M, pw): |fr(a)| < g(x) (@ € X and n EN), 
the following holds. 
(a) td € LX Om, HL). 
(b) tim ffs — fl du =0. 
(c) lim fh du = Jf dp. 


Theorem 5.2.2. (Lebesgue’s Dominated Convergence Theorem 1 |[Bog07]) 
Given a measurable function sequence (fn),5,; C M (X, 9) and a measurable function 
f: X > R having a real-valued, if the condition 


{nial =Jiedah 


pene Mt, wu): |fr(x)| < g(z) (2 € X and nEN) 
is satisfies, the following holds. 
(a) fe L£i(X, M, py). 
(b) lim. J Ui — fl du =0. 
(c) lim fn du= ff dp. 
Theorem 5.2.3. (Lebesgue’s Dominated Convergence Theorem 2 |Bog07]) 


Given a measurable function sequence (fn)n>1 C M(X, 9) and a measurable function 
f: X — R with real-valued, if the condition 


{oie f fae Pe 
nN +00 
g EL](X, M, w): rl < gura.e [X] (n € N) 
is satisfied, the following holds. 
(a) hi € L£i(X, mM, LL). 
(b) lim J lin — fl] du = 0. 
(c) lim fn du = Jf dp. 


5.3 Absolute Convergence of Integrals 


Given a measure space (X, Mt, 4) and a measurable set A € M, if 


My ={ANE: EF EM} and wa = Hon.» 


then (X, 904, wa) becomes a measure space. The measure space (X, Wty, wa) 
obtained in this way is called a subspace of the measure space (X, Wt, ju). 
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Theorem 5.3.1. For a measure space (X, MN, 4), a monotone increasing measurable 
(oe) 
set (En)n<i C M with X = LU E, and a measurable function f € M(X, MM) are given, 
1 


and if i 


{ €L£1(En, M, w) (MEN), (5.5) 


lim te, \f| du < +00 


N—-+00 

is satisfied, then f € £1(En, MN, 4). Moreover, the equation 
Sfdu= lim Ju, f du 

is established. 


Corollary 5.3.2. In Theorem 5.3.1, even if the monotone increasing measurable set 
(En) n>1 C It satisfying the condition (5.5) is selected differently, the integrable value 


lim fp, f du 


n—-+00 


remains unchanged. 
Proof. 


If monotone increasing measurable set (F;,),,., C Dt satisfying the assumption of 
Theorem 5.2.1 is selected, 


auto Jr, f ae - Jf au ~ ee Jz, f abe 


is obtained. 


5.4 Functions of Complex Numeric Values 


Given a measurable function f: X — C having a complex-valued for the measure space 
(X, M, wu), if Re f, Im f € Li(X, M, w), a measurable function f: X — C having a 
complex-valued is integrable with respect to measure ps. Therefore, it is defined as 


ffdu=f Refdu+if Imf. 
In order to distinguish £1(X, Mt, w), it is denoted by f € Li (yp). 


Lemma 5.4.1. Given a measure space (X, IN, wu) and a measurable function f: 
X — C having a complex-valued, the following holds. 


(a) f € Li (LU) = If| € Li(X, Mt, LL). 
(b) | ff du] < flfl du(f € Li()). 


Theorem 5.4.2. Given a measure space (X, IM, w) and a measurable function 
(fn)n<1 With a complex-valued, if 


{ta = f(x) («x € X), 
9 €Li(X, M, pw): |frl(z)| < g(z) (x € X) 
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is satisfied, the following holds. 
(a) f € Li(u). 
(b) lim. [fn — f| du = 0. 
(c) lim fn du =f fap. 
Proof. 


Let fp = bn + ivy for each natural number n €N, and if f, = dn + ivy, remember 
that 


n—-+00 


han: fe) Sls) 


for any point x € X. 


(a) Since |f, (x) | < g(a) (a € X) for each natural number n €N, 
if max{|@n (rz) |, |Yn (x) |} < |fn (2) | (a € X) is considered, 
max{|¢n (x) |, |Wn (2) |} < |gn (x) | («@ € X) is established. 
Now, applying Corollary 5.1.2.10, since ¢, v € L1(X,M, 12), it is 
f € Li(m) by Definition. 


(b) If Lebesgue’s Dominated Convergence Theorem |[LDCT] [Bog07] is applied, 


lim S lon - o| du=0= Tim flvn—¥| dy 


N—-+00 


is satisfied. However, since |f, — f| < |on — 6] + |un — v| (x € X ) holds 
on set X, we get 


lim J Ui — FI djs = 0. 


(c) Finally, if Lebesgue’s Dominated Convergence Theorem [LDCT] [Bog07] 
is applied, since 


lim fondu = Joeduand lim fvndu= fv du, 


n—- +00 


we get 


tim J tn du = lim | fo auti f vn a 


= lim [en du si lim [onan 
n—++00 n+ +00 


Reference 


Wei73] A. J. Weir, Lebesgue Integration and Measure, Cambridge University Press, 
Cambridge, 1973. 


Wei74] A. J. Weir, General Integration and Measure, Cambridge University Press, 
Cambridge, 1974. 


Kub07] Carlos S. Kubrusly. Measure Theory: A First Course. Elsevier Academic 
Press. 2007. 


Hal74] P.R. Halmos, Measure Theory, Van Nostrand, New York, 1950; reprinted: 
Springer, New York, 1974. 


Bog07] V.I. Bogachev, Measure Theory: Volume I and II, Springer Verlag, 2007. 


36 


